Abstract
Introduction and statement of results
Throughout, suppose that D is the fundamental discriminant of the quadratic field Q( D) and that h (D) is the associated ideal class number. H. Cohen and H. Lenstra [CL] have conjectured that if p is an odd prime, then the "probability" that p h (D) for negative D is
√
least half of the negative discriminants D have the property that 3 h (D) . Much less is known for primes p ≥ 5. For such primes, W. Kohnen and Ono [KO] have shown that if > 0 and X > 0 is sufficiently large, then
It is natural to consider the complementary problem of estimating, for any given integer ≥ 2, the number of −X < D < 0 for which CL (D) [ ] is nontrivial. Here CL (D) [ ] denotes the -torsion subgroup of the ideal class group of Q( D) . (Note that in Theorem 1 and Lemma 6.2 we abuse notation and let CL(d) denote the ideal class group of Q( √ d) whether or not d is a fundamental discriminant.) Recent works by M. Murty [Mu] and K. Soundararajan [So] address these problems. For example, using sieve methods, Soundararajan proved in [So] that if is a multiple of 4, then
We obtain further results estimating the number of −X < D < 0 with CL (D) [ ] = {0}. Suppose that K /Q is a finite Galois extension with discriminant K , and suppose that c is a conjugacy class in Gal(K /Q). S. Wong [Wo] noticed the utility of establishing the existence of infinitely many D < 0 for which CL (D) [ ] = {0}, where each odd prime factor p of D is unramified in K and has Frob( p) ∈ c. Although he claimed (see [Wo, Theorem 2] ) that there are always indeed infinitely many such D, a gap has been found in his proof. Here we remedy the situation by obtaining a general quantitative result that approaches the quality of Murty's [Mu] and Soundararajan's [So] estimates (e.g., as in (1.2)). Using the circle method, we obtain the following result.
THEOREM 1 Let ≥ 2 be an integer, let K /Q be a finite Galois extension, and let c be a conjugacy class in Gal(K /Q). Suppose that M ≡ 1 (mod 24) is a positive square-free integer for which 2 q = 1 for any prime q | (M, K ). Let S (K , c, M) be the set of positive odd square-free integers coprime to M whose prime factors p are all unramified in K /Q with Frob( p) ∈ c. Then we have (K , c, M) , µ(d) = 1, and CL (−d M) [ ] = {0} X 1/2+1/(2 ) log 2 X .
In Theorem 1, µ(n) denotes the usual Möbius function, and the implied constant depends on , M, K , and c.
Remark 1
We stress that Theorem 1 is proved using the circle method rather than the more customary approach involving sieve methods (e.g., see [Mu] , [So] , [ST] , [GM] ). We would be very interested in a sieve-theoretic argument that proves or improves upon Theorem 1.
Theorem 1 has implications for the arithmetic of elliptic curves. We begin by fixing notation. Suppose that E/Q is an elliptic curve E : y Moreover, if E is an elliptic curve defined over a number field K , then let rk (E, K ) denote the rank of the Mordell-Weil group E (K ) . Similarly, let X(E, K ) denote the
Shafarevich-Tate group of E/K , and if p is a prime, then let rk p (X(E, K )) denote its p-rank.
It is natural to investigate the indivisibility of orders of Shafarevich-Tate groups. By the works of Kohnen, K. James, and Ono [KO] , [JO] , if E/Q is an elliptic curve, then for all but finitely many primes we have
(1.5) This is analogous to estimate (1.1) for class numbers. For the complementary question, works by C. Beaver [B] , R. Bölling [Bö] , J. Cassels [C] , K. Kramer [Kr] , and E. Rohrlich [R] produce families of elliptic curves whose Shafarevich-Tate groups contain elements of order for primes ≤ 5.
Wong [Wo] suggested a method that promised to produce infinitely many quadratic twists of X 0 (11) whose Shafarevich-Tate groups have elements of order 5. This observation was a combination of a theorem of Frey [F] , a result of Ono [O1] , and [Wo, Theorem 2] . Recently, Ono generalized the results in [O1] , and these new theorems make it possible to extend Wong's observations to a wider class of elliptic curves. Unaware of the gap in the proof of [Wo, Theorem 2] , Ono mistakenly used the result to claim [O2, Theorem 5, Corollary 6] . Armed with Theorem 1, we are pleased to resolve this problem. We obtain the following stronger result for curves E/Q whose torsion subgroup is Z/3Z, Z/5Z, or Z/7Z.
THEOREM 2
Let E/Q be an elliptic curve whose torsion subgroup over Q is Z/ Z with ∈ {3, 5, 7}. If E is good at (see §4 for the definition of "good"), then
Remark 2
Although we do not have a proof, it is plausible that every E/Q that has good reduction at is good at . In particular, if E has good reduction at and there is a prime 5 ≤ p ≡ −1 (mod ) for which ord p (N (E)) = 1 and ord p ( (E)), then E is good at . These conditions are very inclusive and include almost every elliptic curve (in the sense of arithmetic density). For example, they already apply to the first curve, ordered by conductor, containing a torsion point of order 7. This is the conductor 26 elliptic curve E : y
and so Theorem 2 implies that
Nevertheless, it is simple to use Theorem 2 in general. For example, we show that
Remark 3
It is interesting to compare the estimate in Theorem 2 with current lower bounds for the number of quadratic twists of a fixed elliptic curve with rank at least 2. Stewart and Top [ST] , improving on earlier conditional work of Gouvêa and Mazur [GM] , have shown that the parity conjecture implies that
and have obtained the unconditional result
Using Theorem 2, we show, for certain elliptic curves E/Q, that there are infinitely many number fields K for which both 
In §2 we give preliminaries on elliptic curves and describe some applications of a theorem of Frey. In §3 we consider the nonvanishing of Hasse-Weil L-functions of elliptic curves at s = 1. In §4 we combine the results from §2 and §3 to prove Theorems 2 and 3, assuming the truth of Theorem 1. In §5 we prove a technical result in additive number theory via the circle method, and in §6 we use this result to prove Theorem 1.
Implications of a theorem of Frey
In this section we recall an important theorem of Frey and indicate how it is used to obtain Theorem 2. We begin by fixing notation. Suppose that E/Q is an elliptic curve over Q and that j (E) is its j-invariant. If p is prime and S(E, Q) denotes its Selmer group, then we have
The next theorem follows from work of Frey [F] on quadratic twists of elliptic curves with rational points of odd prime order . (Note that a theorem of Mazur implies that ∈ {3, 5, 7}.) THEOREM 
2.1
Suppose that E/Q is an elliptic curve with a Q-rational torsion point of odd prime order , and suppose that N (E). Let S(E, ) be the set of primes
and ord p ( j (E)) < 0 .
We have
whenever d ≡ 3 (mod 4) is a negative square-free integer coprime to N (E) satisfying the following. 
If j is a positive integer and q 1 , q 2 , . . . , q 2 j ∈ S are distinct primes, then apart from at most finitely many exceptions, we have
Proof By hypothesis, −M satisfies the conditions for d in Theorem 2.1. Moreover, by the hypotheses on the set of primes in S, it follows that −Mq 1 q 2 · · · q 2 j also satisfies the conditions for d in the statement of Theorem 2.1 since 2 j is even. Consequently, Theorem 2.1 implies that
In view of (2.1), the claim now follows from the fact that every elliptic curve E/Q has at most finitely many quadratic twists possessing a Q-rational torsion point of odd prime order (e.g., see [GM, Proposition 1] ).
To prove Theorem 3, we require some standard facts regarding relations between the p-ranks of Shafarevich-Tate and Mordell-Weil groups of elliptic curves upon a quadratic extension. We require the following fact (for a proof, see [OP, Lemma 3.1] 
We conclude this section with the criterion that is used to obtain Theorem 3.
LEMMA 2. 
and
If r m is nonnegative, then there are r m distinct square-free integers, say,
Proof By the work of Stewart and Top [ST] on ranks of twists of elliptic curves, it follows that for every positive integer r m there are distinct square-free integers
Therefore, Lemma 2.3 implies that
Kolyvagin's theorem (see [Ko] ) on the Birch and Swinnerton-Dyer conjecture (note that finiteness of X(E, Q) and the existence of the Cassels-Tate pairing imply that
Therefore, by Lemma 2.3 again, we have
Consequently, (2.2), (2.3), and Lemma 2.3 imply that
This completes the proof.
Nonvanishing of central values of twisted Hasse-Weil L-functions
is the weight 2 newform on 0 (N (E)) associated to E/Q by the modularity of elliptic curves over Q. Moreover, let L(E, s) denote its Hasse-Weil L-function, which is defined by analytically continuing
• denote the usual Kronecker character for the quadratic field Q(
, s) , then we have the fundamental relation
Such relations are very important in the sequel. Celebrated works of Kohnen [K] and J.-L. Waldspurger [W] on the Shimura correspondence (see [S] ) provide formulas for many of the central critical values
in terms of the Fourier coefficients of certain halfintegral weight cusp forms. Here we briefly recall some of the main results (see [W, Theorem 1], [OS, §2] ).
For every fundamental discriminant D, define D 0 by
There are a positive integer N(E) with N (E) | N(E), a Dirichlet character χ modulo 4N(E), a nonzero complex number F E , a nonzero half-integral weight Hecke eigenform
and arithmetic progressions of D coprime to 4N(E) with the property that if
where D is algebraic. Moreover, the coefficients a E (n), b E (n) and the values of χ are in O L , the ring of integers of some fixed number field L (e.g., see [St] ). In addition, if p 4N(E) is prime, then
where λ( p) is the eigenvalue of g E (z) for the half-integral weight Hecke operator
The next result, which follows from [O2, Lemma 3.3] , is useful for producing many nonzero L-values.
LEMMA 3.1 Assume the notation above, and suppose that E/Q is an elliptic curve without a Qrational torsion point of order 2. Suppose that a ∈ (Z/24Z) × , q 1 , q 2 , . . . , q s are distinct odd primes and that 1 , 2 , . . . , s ∈ {±1}. Furthermore, suppose that there is a square-free integer n 0 ≡ a (mod 24) for which n 0 q i
Then there is a positive odd square-free integer m 2 ≡ a (mod 24), for which 
and a set of odd primes S E with positive Frobenius density such that for every positive integer j we have
where A consists of those positive integers n for which n ≡ a (mod 24) and where
is an eigenform, for all but finitely many Hecke operators T χ ( p 2 ), whose eigenvalues satisfy (3.6). Since E/Q has no Q-rational torsion point of order 2, it follows, by the Chebotarev Density Theorem, that a positive proportion of the primes p have the property that a E ( p) is odd. Therefore, [O2, Lemma 3.3] readily applies to g * E (z). Let v be a place of O L above 2, and suppose that m 2 ∈ A is an integer for
is an eigenform, it follows that m 2 can be taken to be squarefree. The conclusion of [O2, Lemma 3.3] implies that there is a set of primes S E with positive Frobenius density such that for each positive integer j we have
Remark 4
By the proof of [O2, Lemma 3.3] , which is based on Galois representations, it is evident that the set S E in Lemma 3.1 always contains, as a subset, a set of primes p that are unramified in some fixed finite Galois extension K /Q whose Frob( p) is in some fixed conjugacy class of Gal(K /Q). Moreover, if p is an odd prime that does not divide the level of g * E (z), then p is unramified in K /Q; this implies, by (3.5), that every prime dividing m 2 in Lemma 3.1 is unramified in K .
Deduction of Theorems 2 and 3 from Theorem 1
Here we deduce Theorems 2 and 3 from Theorem 1. The results from § §2 and 3 are required for these deductions. We begin with the definition of good. Definition 4.1 An elliptic curve E/Q is good at if the following are all true:
There is a prime p ≥ 5 for which ord p (N (E)) = 1. (3) There is a positive square-free integer Q ≡ 1 (mod 24) coprime to N (E) for which −Q satisfies conditions (1) and (2) for d in Theorem 2.1 and which has δ E(−4Q) = +1.
Deduction of Theorem 2 from Theorem 1
Let Q be a positive square-free integer that justifies the fact that E is good at . By (3.2) applied to E(−4), every positive square-free integer d ≡ Qx 2 (mod 24 N (E)) has the property
where (x, 6 N (E)) = 1. Moreover, each such −d satisfies conditions (1) and (2) for d in Theorem 2.1. Now let M 1 ≡ 1 (mod 4) be any prime not dividing N (E)Q for which
That such an M 1 can be chosen follows, by the law of quadratic reciprocity, from (3.2) and Definition 4.1(2). Now apply Lemma 3.1 to E(M 1 ), where a ≡ M 1 (mod 24) and where the q i 's and i 's are chosen to sieve out those exponents n in the Fourier expansion, coprime to M 1 , for which M 1 n ≡ Q (mod 24 N (E)). The remaining coefficients are supported on those n for which M 1 n ≡ Qx 2 (mod 24 N (E)), where (x, 6 N (E)) = 1. By (4.1), if n is such a positive square-free integer, then δ E(−4M 1 n) = +1 and −M 1 n satisfies conditions (1) and (2) for d in Theorem 2.1. By a famous result of S. Friedberg and J. Hoffstein [FH, Theorem B(i) ], there are infinitely many such square-free n for which
Therefore, Lemma 3.1 applies to E(M 1 ) since it is also a curve without a Q-rational point of order 2. Lemma 3.1 and (4.2) allow us to conclude that there is a positive square-free integer M 2 ≡ M 1 (mod 24 N (E)), coprime to M 1 , and a set of primes S E(M 1 ) with positive Frobenius density such that for every positive integer j we have
By Remark 4, one can construct a finite Galois extension, say, K /Q, for which there is a conjugacy class c ∈ Gal(K /Q) with the property that every prime p unramified in K with Frob( p) ∈ c is in S E(M 1 ) . Furthermore, Lemma 3.1 implies that this set satisfies the hypotheses on S in Corollary 2.2. By Kolyvagin's theorem on the Birch and Swinnerton-Dyer conjecture (see [Ko] ), (4.3) implies, for every positive integer j and every collection of distinct primes
Therefore, Corollary 2.2 and Theorem 1 apply with M = M 1 M 2 ≡ 1 (mod 24). Theorem 2 now follows easily since (M, K ) | M 1 , a fact that follows from Remark 4.
Example 1
Suppose that E/Q is an elliptic curve with torsion subgroup Z/ Z, where ∈ {3, 5, 7}. If E has good reduction at and there is a prime 5 ≤ p 0 ≡ −1 (mod ) for which ord p 0 ( (E)) and ord p 0 (N (E)) = 1, then E is good at . This follows from the fact that Definition 4.1(3) is satisfied using (3.2). To see this, observe that the negative square-free integers d in Theorem 2.1 are not required to satisfy a quadratic residue condition modulo p 0 , and observe that ord p 0 (N (E)) = 1 implies that ord p 0 ( j (E)) < 0 (see [Si, page 359] ). These conditions apply to the conductor 26 elliptic curve E : y
Its torsion subgroup over Q is Z/7Z, and (E) = −2 7 · 13. By letting p 0 = 13, we find that E is good at 7. Consequently, Theorem 2 implies that
Example 2
Let E be the conductor 11 elliptic curve
This is the modular curve X 0 (11), and its torsion subgroup over Q is Z/5Z. Furthermore, we have j (E) = − 2 12 · 31 3 11 5 . Definition 4.1(1) and (2) are both clearly satisfied. Condition (1) in Theorem 2.1 is vacuous since ord 5 ( j (E)) = 0. Since S(E, 5) is empty, the remaining condition in Definition 4.1(3) is confirmed by finding any positive square-free Q ≡ 1 (mod 24) coprime to 55 for which −Q 11 = −1 and δ X 0 (11)(−4Q) = +1. It turns out that Q = 1 enjoys these two properties, and so Theorem 2 implies that
Deduction of Theorem 3 from Theorem 1
Theorem 1 implies Theorem 2. Theorem 2 and Lemma 2.4 imply Theorem 3.
Proof of a technical result in additive number theory
If P is an infinite set of primes and q and b are coprime integers, then let P(x, q, b) be the number of primes p ∈ P with p ≤ x and p ≡ b (mod q). We say that P satisfies a "Siegel-Walfisz condition for an integer " if for every fixed integer C > 0 we have
uniformly for all (q, ) = 1 and all (q, b) = 1. Here π(x) ∼ x/log x is the usual prime counting function, and 0 < γ ≤ 1 is the density of the primes in P. The proof of the following result in additive number theory is the main objective of this section. 
Let P be an infinite set of primes satisfying a Siegel-Walfisz condition for which is a subset of those primes p for which p ≡ c 0 (mod ). If R(X ) denotes the number of positive integers d ≤ X of the form
where the p j ∈ P are distinct, then
Remark 5
The implied constant in Theorem 5.1 depends on P, , A, B, , and c 0 . If we denote the number of those representations with (m, 2n) = 1, p j AB, and p 1 · · · p 2 ≥ m by R 0 (X ), then we actually prove that the lower bound holds for R 0 (X ).
We stress that the formulation of Theorem 5.1 is dictated by the application we have in mind (i.e., the proof of Theorem 1). Nevertheless, this theorem is closely connected to work of A. Perelli [P] and J. Brüdern, K. Kawada, and T. Wooley [BKW] on the solvability of F(m) = p + q, where F(m) is an integer-valued polynomial and p, q are primes. However, Theorem 5.1 pertains to sets of primes which are also subsets of a single arithmetic progression modulo . For the sake of a general result that imposes no conditions on c 0 , we guarantee the local solvability modulo (i.e., the obvious th power residue condition) by requiring that there be 2 many primes rather than just two primes. (Note that two primes are already sufficient for the proof of Theorem 1.) To prove Theorem 5.1 we obtain a lower bound for R 1 (x), the number of solutions of the ternary additive problem
where the primes p j ∈ P (and, similarly, p + j ∈ P) for 1 ≤ j ≤ satisfy the conditions
for j = 1, . . . , −1, and
If d = ABp 1 · · · p 2 is represented in this way, then the number of representations is at most 2 . Next, if not all primes p j are distinct in (5.2), then either 2m = ap + bp or 2m = a + bp 2 with some prime p > x 1/(2 ) and integers a and b. Obviously, we have m x 1/ . In the first case, p|m and b x/ p. In the second case, we have b x/ p 2 and the fact that p, m, and b determine a. Therefore, the contribution of these solutions to R 1 (x) is bounded by
In the remaining representations, p j AB, p 1 · · · p 2 > x 2−2/ ≥ m if x is sufficiently large, and (m, n) | (Ap 1 · · · p , Bp +1 · · · p 2 ) = 1. Finally, we observe that 2m ≡ 2c 0 (mod ) implies (m, 2) = 1, and so we have
where X = ABx 2 . For the remainder of this section, X is assumed to be a fixed sufficiently large real number.
As usual, let e(α) = e 2πiα , and let P = AB . We introduce the generating functions It is trivial that 0 ≤ c n ≤ ! 1, and a straightforward calculation using (5.1) (with q = 1) shows that
The coefficients w m in the definition of g(α) serve to simplify the analysis. However, we note that in our computation each solution of (5.2) is then weighted by 0
By the orthogonality of the trigonometric functions, we have
This section is devoted to the proof of the estimate
which together with (5.4), (5.8), and (5.9) implies Theorem 5.1. We begin by examining the function g(α). Without the condition that (m, P) = 1 and the presence of the weight w m = m −1 , the results we would require are described in detail in [V] . Nevertheless, it is not too difficult to modify them for our purposes. First we introduce some more notation. The symbol u (q) denotes a sum over the complete residue system modulo q, while (u,q)=1 denotes a sum over those classes modulo q which are coprime to q. For integers q ≥ 1 and a, we require the Gaussian sum
e au q and the auxiliary function
e(nη).
LEMMA 5.2
If a and q ≥ 1 are integers and η is a real number, then
Here and in the sequel, φ(q, P) = φ ((q, P) ), the Euler function evaluated at the greatest common divisor of q and P.
Proof
The corresponding result is [V, Lemma 2.7] . By gathering the terms in residue classes modulo q, we get
and the result follows, by partial summation, from the estimate By Dirichlet's approximation theorem, for any fixed d there are coprime integers a and q for which 1 ≤ q ≤ 2N and |2αd − a /q | ≤ 1/(q 2N ) ≤ (q ) −2 . We use (5.11) with this approximation where
implies that N /(4d ) ≤ q ≤ 2N . In either case, we have
Since we have d|P 1 1, and since the weights w m are monotonic, the result follows.
Proof This is basically [V, Lemma 2 .10] and follows easily from the Chinese remainder theorem. LEMMA 
If p is prime and a is an integer coprime to p, then
|G( p, a)| ≤ ( , p − 1) p 1/2 .
Proof
This follows easily from [V, Lemma 4.3] . LEMMA 
5.6
Suppose that p|P is prime, and let s = ord p (2 ). If p a and k ≥ max(2, 2s
Proof
We prove the case of G( p k , 2a) = 0; the other proof is identical. It is easy to see that the following is true:
The last equality follows from the summation over v. In the next-to-last step we used the binomial theorem and the hypotheses on k.
Proof This is essentially [V, Theorem 4 .2] and follows immediately from Lemmas 5.4, 5.5, and 5.6.
Finally, we need the large sieve (although with extra work we can avoid using it; see [V, Lemma 5.3] ).
LEMMA 5.8 (The large sieve) For any complex coefficients c n , we have
The next statement is the main formula, from which Theorem 5.1 follows. It is proved using the circle method.
Remark 6 Theorem 5.9 is a result that is far more general than stated here. In fact, one can derive a useful formula for the number of solutions to 2m = AU + BV with virtually any conditions on U and V . Our statement remains valid for arbitrary complex coefficients c n , not just those defined in (5.5). In general, the x 2 in the error term should be replaced by x n≤x |c n | 2 .
Remark 7
If in the definition of g(α) and of G(q, a) we replace P by P p<Q p, then the upper bound in Lemma 5.7 improves to q 1/2+ for q ≤ Q, and the exponent of Q in the error term of Theorem 5.9 improves from 1/ to 1/2 − . This change makes it possible to make use of a Siegel-Walfisz-type condition with C = 2 + . However, such an approach makes the proofs of Lemmas 5.2 and 5.3 considerably more difficult since d|P 1 1 is no longer true.
Proof of Theorem 5.9
We use the parameters introduced earlier; for convenience we repeat their definitions:
(5.12) By Dirichlet's approximation theorem, for every real number 1/N ≤ α < 1 + 1/N , there is a rational approximation
This interval, a piece of the "major arcs," is denoted by M(a/q); that is,
and they are disjoint for q ≤ M 1/2 . The rest, the "minor arcs", are denoted by m; that is,
M(a/q).
Note that the functions f (α) and g(α) have period 1; thus we can freely choose any interval of length 1 rather than the unit interval in (5.9). We use this fact again later. Our starting point is the decomposition
The integral over m is small because g(−2α) itself is small on the minor arcs by Lemma 5.3. Indeed, by the Cauchy-Schwarz inequality, Parseval's identity, and (5.8), we have
(5.14)
On a major arc M(a/q), we use the more precise bound of Lemma 5.2. Note that for q ≤ M 1/2 and a/q + η ∈ M(a/q) (i.e., |η| < 1/(q N )), the error term in Lemma 5.2 is bounded by q M −1 (1 + |η|x) M −1/2 . We have, by the Cauchy-Schwarz inequality and Parseval's identity again,
Obviously, both (5.14) and (5.15) are smaller than the stated error term by (5.12). Applying Lemma 5.2 to g(−2α) in (5.13), we find that
Next we estimate the contribution of Q < q ≤ M 1/2 by using Lemma 5.7 and the large sieve (Lemma 5.8). We can be rather crude. Note also that V (−2η) min(x, |η| −1 ). By the Cauchy-Schwarz inequality, we obtain
For the remaining range of q, we extend each integral to the interval {−1/2 < η < 1/2}. Trivially, V (−2η) |η| −1 ≤ q N on the extension. By Parseval's identity for the last time, the error introduced by this extension is bounded by
Collecting all these bounds, we arrive at
Notice that the integral counts c n since c n = 0 unless n ≡ c 0 ( ). We now compute the inner sum above. By the SiegelWalfisz condition (note that the p j in the sums below satisfy the conditions in (5.3)), we find that
This estimate is uniform in b, and the main term is independent of b; thus we have
Finally, each b in the sum above can be written as b = c 0+b d, where (b , q ) = 1 and≡ 1 (d). We recall the well-known formula for the Ramanujan sum (see [HW, Theorem 272] ) for an arbitrary modulus q, a, q) ) .
For convenience, if we let q A = q /(A, q ) and q B = q /(B, q ), then this implies that
If Q ≤ log C/2 x, then these results together with (5.8) and the fact that A + B ≡ 2 (mod ) imply that
By Theorem 5.9, we then get
To complete the proof, we now aim to produce (5.10). By letting Q = log 3 x and C = 6 , we find that the error terms in (5.16) are O(x 2 / log 3 x), as claimed in (5.10).
Therefore, the remainder of the proof is devoted to the computation of the triple sum in (5.16). Let us write
where q = dq , d | , and (q , ) = 1. By the Chinese remainder theorem, we find that this function is multiplicative. In particular, we have 
By an obvious change of variables, if d | and (c 0 , ) = 1, then
Let us also introduce the notation
and recall that
If p | is an odd prime, then
while κ( p k ) = 0 for any k ≥ 2 and p 2 by Lemma 5.6. Let s be the integer s = ord p (2 ). In the remaining cases we have s ≥ 1. Suppose now that p | but p = 2 and k ≥ 2. We have
Obviously, 2(u − 1) = U p n with some integer p U , and the inner sum becomes p n copies of the Ramanujan sum attached to p k−n (i.e., p n µ( p k−n )). Therefore, we find that
The computation of κ(2 k ) is similar, and it turns out that Note that the "otherwise" above implies either that 2 and k ≥ 3 or that 2 | and k ≥ s + 3. If we replace q by q in (5.16), the second line of (5.17) implies immediately that the summand with respect to q in (5.16) is zero unless q | AB. If X is sufficiently large, then clearly we have Q ≥ AB , and so the sum over q ≤ Q/d and (q, ) = 1 becomes a sum over q | AB with (q, ) = 1. Using our formulas for κ(qd) (i.e., (5.17) -(5.20)), (5.16) reduces to
This is (5.10), and so the proof of Theorem 5.1 is complete.
Proof of Theorem 1
To reduce Theorem 1 to Theorem 5.1, we need two more elementary facts. We state them as Lemmas 6.1 and 6.2. 
Proof First we prove that there are integers u and v, coprime to , such that M ≡ 2u 2 − v 2 (mod ). By the Chinese remainder theorem, it suffices to check, for any p k | , that there are u and v coprime to p such that M ≡ 2u 2 − v 2 (mod p k ). For p = 2 and k ≤ 3, the choice u = v = 1 is a good one since M ≡ 1 (mod (8, ) ). Suppose that k ≥ 3 and that v 2 0 ≡ 2 − M (mod 2 k ) (i.e., u = 1, v = v 0 is a solution mod 2 k , 2 v 0 ). Then u = 1 and one of v 1 = v 0 or v 2 = v 0 + 2 k−1 is a solution mod 2 k+1 since v 2 2 ≡ v 2 0 + 2 k (mod 2 k+1 ). This settles the case of p = 2. For odd primes p | , Hensel's lemma implies that it is enough to prove that there are integers u and v, coprime to p, for which M ≡ 2u 2 − v 2 (mod p). If 3 | , then M ≡ 1 (mod 3) and u = v = 1 is an obvious choice. If p | M, let u = 1, and choose v such that v 2 ≡ 2 (mod p). Finally, if p 6M, then the set of residue classes {M − 2u 2 : 0 ≤ u ≤ ( p − 1)/2} cannot be disjoint to the set of residue classes {v 2 : 0 ≤ v ≤ ( p − 1)/2} by the pigeonhole principle. This provides a pair of integers u and v, which completes the proof if both are coprime to p. If they are not both coprime to p, then either M ≡ −v 2 0 (mod p), in which case u = 2v 0 and v = 3v 0 are good choices for u and v, or we have M ≡ 2u 2 0 (mod p), in which case u = 3u 0 and v = 4u 0 are good choices.
To obtain the claimed statement, let uū ≡ 1 (mod ), choose a to be any positive integer a ≡ū (mod ) for which (a, M) = 1, and then choose b to be any positive integer b ≡ūv (mod ) for which (b, a M) = 1. (Note that, by Dirichlet's theorem, a and b can be chosen to be big primes).
The next lemma (see [So, Proposition 1] ) provides the essential criterion for producing elements in class groups. 
Let K /Q be a finite Galois extension, let c be a conjugacy class in Gal(K /Q), and let M ≡ 1 (mod 24) be a positive square-free integer with the property that 2 q = 1 for every prime q | (M, K ). Let := lcm (4 2 , K ), and choose an arbitrary prime p 0 ∈ S (K , c, M) . Then there is a cyclotomic extension K /K and a conjugacy class c in Gal(K /Q) such that every prime p that is unramified in K /Q with Frob( p) ∈ c has the property that p ≡ p 0 (mod ). Furthermore, we have S(K , c , M) ⊂ S (K , c, M) . Let P denote the set of these primes.
Observe that the prime factors of the discriminant of K are the same as those of . Therefore, if q is coprime to , the conjugacy class c splits into φ(q) classes of equal size in the qth cyclotomic extension of K . In particular, the constant in the Chebotarev density theorem is 1/(φ(q)) · #c /#Gal(K /Q) . The Chebotarev density theorem applied to cyclotomic extensions of K implies that P satisfies the Siegel-Walfisz condition for . This is the number field generalization of the SiegelWalfisz theorem describing the uniform distribution of primes in residue classes. The proof follows as in the classical case (e.g., see [D] , [G] , [M] ) after one notices that the only Artin L-functions for irreducible representations that might have exceptional real zeros are those associated with real 1-dimensional representations (i.e., quadratic Dirichlet characters). Then the required estimates for the zero-free regions for Artin L-functions (e.g., see [G] or [M] ) are exactly the same as those in the classical case.
By Lemma 6.1, there are positive integers a and b for which Theorem 5.1 applies with A = Ma 2 and B = b 2 , and where , , c 0 = p 0 , and P are given. Consequently, there are at least X 1/2+1/(2 ) log −2 X integers of the form
where the p j ∈ P are distinct, p j Mab , (m, 2n) = 1, and p 1 · · · p 2 ≥ m . By Lemma 6.2, we have that CL(−d) contains an element of order for all of the above d = M p 1 · · · p 2 .
